In this paper, the global asymptotic stability of both the closed economy system and the open economy system is investigated under impulse control, and the obtained stability criteria improve the existing results in the previous literature, generalizing the stabilization from the closed economy system to the open economy system, and stabilizing the unstable equilibrium point with positive interest rate. Particularly, stability of the equilibrium point with positive interest rate is suitable for the open economic market of China, for the interest rates during different periods in China's financial market are always some of positive percentages. Finally, numerical examples illustrate the effectiveness of the proposed methods.
moment. Therefore, in this paper, the authors consider the Markovian jumping delayed impulsive financial system as follows:
(t) = -AX(t) + f (X(t)) + K(r(t))(X -X(tτ (t))), t ≥ t 0 = 0, t = t k , k ∈ Z + , = z + (ya)x + k 1 (r(t))(xx(tτ 1 (t))), t ≥ 0, t = t k , k = 1, 2, . . . , y = 1byx 2 + k 2 (r(t))(yy(tτ 2 (t))), t ≥ 0, t = t k , k = 1, 2, . . . , z = -xcz + k 3 (r(t))(zz(tτ 3 (t))), t ≥ 0, t = t k , k = 1, 2, . . . ,
where A and f are defined in (2.4) , and (Ω, F, P) is a complete probability space with a natural filtration {F t } t≥0 . Let S = {1, 2, . . . , n 0 } and the random form process {r(t) : [0, +∞) → S} be a homogeneous, finite-state Markovian process with right continuous trajectories with generator Π = (γ ij ) n 0 ×n 0 and transition probability from mode i at time t to mode j at time t + δ, i, j ∈ S,
where γ ij ≥ 0 is the transition probability rate from i to j (j = i) and γ ii = -n 0 j=1,j =i γ ij , δ > 0 and lim δ→0 o(δ)/δ = 0.
Main results
Before giving the main results of this paper, we need to present some assumptions and notations.
For simplicity, in this section, denote the norm · as follows:
Suppose that time delays τ i (t) ∈ [0, τ ], i = 1, 2, 3. Assume that there are two positive scalars M 1 , M 2 such that 0 < M 1 ≤ X(s) 2 ≤ M 2 , ∀s ∈ [-τ , +∞). (3.1) In this paper, we assume that X(t) is uniformly bounded on [-τ , +∞), which implies that X(t) 2 is uniformly bounded on [-τ , +∞), too. Thus, for any given c τ > 0, there exists the corresponding δ c > 0 such that
So, in this paper, we assume that
Remark 2 In the real financial market, some financial indicators, such as the interest rate, the investment demand, and the price index, are all percentages, and hence, the boundedness assumptions on these financial indicators are very natural, in line with the actual situation.
Assume, in addition, that there exist positive scalars ε, ς , λ such that Proof Firstly, combining (3.1)-(3.3) results in
Next, it follows from (3.4) that there exists a positive number q k such that
Let X be a solution of impulsive system (2.5), and consider the following Lyapunov function:
Next, we claim that there exists a positive scalar
We may firstly prove that
To prove (3.10), we only need
Obviously, (3.11) holds in t = t 0 because the definition of M deduces that
and hence
Next, we assume (3.11) does not hold for t ∈ [t 0 , t 1 ). Then there ist ∈ (t 0 , t 1 ) such that
It is not difficult to obtain (3.13) which implies that there exists t * ∈ (t 0 ,t) such that
Besides,
Let D + be upper right derivative (Dini derivative) such that
Then the definition of M yields
This is an obvious contradiction. And then both (3.11) and (3.10) are proved. Suppose that (3.17) holds for k = 1, 2, . . . , m. That is,
Below, we shall prove
Similarly, we only need to prove
At first, we claim
In fact,
Thus, if (3.20) does not hold, we know that there ist ∈ (t m , t m+1 ) such that
Then there must exist t * ∈ (t m , t m+1 ) such that
which implies that there must be t * * ∈ [t m , t * ) such that
Similarly,
we have
This is an obvious contradiction. And then both (3.20) and (3.19 ) are proved. Finally, it is not difficult to derive from condition (3.4)
which implies the completeness of the proof.
Similar to the proof of Theorem 3.1, we can select the Lyapunov function V(t) = X T (t)P r X(t), deriving directly the following theorem for the case of Markovian jumping systems.
Theorem 3.2 Assume that sup k∈Z + (t kt k-1 ) < +∞. Assume, in addition, that there are a sequence of positive diagonal definite matrices P r = diag(p r1 , p r2 , p r3 ) (r ∈ S) with p r1 = p r2 and positive scalars ε, ς , λ such that
27)
where I represents the unit matrix with suitable dimension.
Then the following two conclusions hold simultaneously: 
where u(t) is the external input. Here, we may assume that there is a positive scalar c 0 > 0 such that
Since the acquisition of parameters is often uncertain in real financial markets, the robust stability should be considered for the following system with parametric uncertainty:
where the parameter uncertainties are restricted as follows:
where A 1 and A 2 are known real constant matrices.
Theorem 3.3 Assume that sup k∈Z + (t kt k-1 ) < +∞ and the external input condition (3.29) holds. Assume, in addition, that there exist positive scalars ε, ς , λ with ς > λ such that
Then the null solution of the open economy system (3.30) is globally exponentially robust input-to-state stability with convergence rate λ 2 .
Proof Let D + be the upper right derivative (Dini derivative) along with system (3.30) such that
It follows from the assumption on γ that there is a positive scalar M > 1 such that
Next, we claim that
Indeed, employing mathematical induction will prove that (3.36) holds. At first, we need to prove
which implies that we only need to show
In fact, it is obvious that
Thus, if (3.38) does not hold, there must exist some t ∈ (t 0 , t 1 ) such that X(t) 2 > M ξ 2 τ e -λ(t 1 -t 0 ) , which implies that there is t * ∈ (t 0 , t 1 ) satisfying X t * 2 = M ξ 2 τ e -λ(t 1 -t 0 ) , and
which together with (3.39) means that there is t * * ∈ [t 0 , t * ) such that X(t * * ) 2 = ξ 2 τ and
On the other hand, it is obvious that
which together with (3.40) implies
Besides, for any s ∈ [-τ , 0], we can conclude that
which together with (3.34) and (3.33) implies that
from which one can conclude
This contradiction implies that (3.38) holds, and then (3.37) holds. Next, we assume that (3.36) holds for k = 1, 2, . . . , m, or
Below, we shall employ assumption (3.42) to conclude
It is obvious that
Indeed, (3.42) yields
On the other hand,
So the continuity of X(t) 2 on [t m , t m+1 ) yields that there must be some t ∈ [t m , t b ) such that X(t) 2 
}, and then we can see from (3.47 ) and the definition of t a that
In the case of t + s ∈ [-τ , t m ), (3.42) yields
In the case of t + s ∈ [t m , t b ], (3.46) yields
Hence, combining (3.48)-(3.50) gives 
Similarly, we have
This contradiction verifies (3.43), and hence mathematical induction demonstrates claim (3.36), which derives
Similar to the proof of [8, Theorem 2], we can actually conclude from the above inequality that
Therefore, the null solution of system (3.30) is globally exponentially robust input-tostate stability with convergence rate λ 2 .
Remark 4 In [29, Theorem 3.1], there is assumption condition (ii) as follows:
However, the conditions of our Theorems 3.1-3.3 reveal that our main matrix -A is not necessarily negative definite. Actually, numerical examples show that the maximum eigenvalue of -A is a positive number (see Examples 1-3), which is one of the main difficulties to be overcome in this paper.
Remark 5 Theorem 3.3 does not require the boundedness hypothesis of the state variable X, which is a perceptible improvement on Theorem 3.1. Of course, the state variable X is an economic index, which itself is a bounded percentage. Besides, the boundedness assumption makes condition (3.5) of Theorem 3.1 simpler than the corresponding condition (3.33) of Theorem 3.3.
Remark 6 If the external input u(t) ≡ 0, the open economy system (3.30) becomes the closed economy system with parametric uncertainty as follows: (3.52) which implies that Theorem 3.3 includes the robust stability result of the closed economy system (3.52), and restriction condition (3.29) is naturally deleted. Corollary 3.4 Assume that sup k∈Z + (t kt k-1 ) < +∞. Assume, in addition, that there exist positive scalars ε, ς , λ with ς > λ such that
Then the null solution of system (3.52) is globally exponentially robust stability with convergence rate λ 2 .
Remark 7 As far as we know, even for closed economic systems, Corollary 3.4 is a new criterion of robust stability.
Remark 8 If restriction condition (3.29) is abolished in Theorem 3.3, the regional control may be necessary for stabilization of the financial system. And so the following regional control systems have to be investigated for the open economy: Let ε = 0.1, M 1 = c τ = 0.0001, one can compute and obtain
which implies that conditions (3.4) and (3.5) are satisfied. And hence, Theorem 3.1 yields that the equilibrium point Q 1 with positive interest rate 8.93% for financial system (2.6) is globally exponentially stable with convergence rate 0.35. Let ε = 0.1, M 1 = c τ = 0.0001, one can compute and obtain
which implies that conditions (3.26) and (3.27) are satisfied. And hence, Theorem 3.2 yields that the equilibrium point Q 1 with positive interest rate 8.93% for financial system (2.8) is stochastically globally exponentially stable with convergence rate 0.35.
Remark 9 As pointed out in Remark 1, Theorem 3.1 and Theorem 3.2 may be the important conclusions of the first paper on the financial systems with time delays, although the time delays may be small. Let τ = 0.5, c 0 = 0.03, γ = 260, one can compute and obtain 
Conclusions and further considerations
In this paper, using some mathematical analysis techniques and Lyapunov function methods, we have derived the globally exponential stability criteria for the closed economy system and the open economy system. Because the interest rate obtained in Chinese financial market is usually positive, the global asymptotic stabilization of the positive interest rate equilibrium under impulse control studied in this paper has certain theoretical significance for Chinese economic management departments. Particularly, our Theorem 3.3 involves the robust input-to-state stabilization of the open economy system under impulse control while China's economy is an open economy. Moreover, global exponential stability implies deleting chaos of complex economy system. As pointed out in [8] and [30] , under Lipschitz conditions ensuring the unique existence of the solution of the reaction-diffusion system for any given initial value, Ruofeng Rao, Shouming Zhong, and Zhilin Pu deduced the boundedness conclusion [30, Theorem 3.3] and the stability criterion [30, Theorem 3.4] , in which the following formula was derived: This has actually proven the following conclusion.
Theorem 5.1 ([8, Theorem 3]) If f i ,f i , σ ij ,σ ij are Lipschitz continuous with f i (0) =f i (0) = σ ij (0) =σ ij (0) = 0, then there must exist a series of spherical regions B(0, R 0 ) ⊂ R n with R 0 moderately small such that the following fuzzy system (5.2) is globally stochastically exponentially stable in the pth moment, where Υ = B(0, R 0 ) in (5.2) . (t, x) ) -n j=1 c ijr f j (v j (tτ (t), x)) -n j=1 h ijr t t-ρ(t) f j (v j (s, x) ) ds] dt + n j=1 σ ij (t, u(t, x), v(tτ (t), x)) dw j (t), t ≥ 0, x ∈ Υ , dv i (t, x) =q i div ∇v i (t, x) dt -r * r=1 r (ω(t))[ã ir v i (t, x) -n j=1b ijrfj (u j (t, x)) -n j=1c ijrfj (u j (t -τ (t), x)) -n j=1h ijr t t-ρ(t)f j (u j (s, x) ) ds] dt 
